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GROUP CLASSIFICATION OF SOLUTIONS OF THE HOPF EQUATION

V. L. Katkov

Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 6, pp. 105-106, 1985.

A group classification of the solutions of the Hopf equation in terms
of the form of the "viscosity” coefficient is given, together with the
various solutions of this equation.

The problem consists in finding the principal group of admissible
transforms for the equation

ut + Uy = (Buy)y @

and expanding this group on the basis of a choice of the particular
forms of the function e(u), where examples are given of the group
classification of the equations of nonlinear heat conduction, adiabatic
motions of a gas, etc.

Equation 1 admits the transformations of translation u =u + q,
x=at+x, t=tand expansionu =u/b, x =bx, t = b’ so that any
linear transformation uy = pu + q is admissible with respect to u, Re-
ferred to the function &(u), this transformation will have the form
€,(u) = e(pu + q). Two equations of the form of (1) will be termed
equivalent if one of them turns into the other after Galilean transforma-
tion of translation and expansion.

The calculation of the principal group admitted by a system of
equations is described in [1]; here, we give the final result in the form
of base operators of the corresponding Lie algebra.

1. Let &(u) be an arbitrary function. Equation (1) admits only two
operators

X = % s Xy= % (2)

2. If, however, &(u) = eu. then equation (1) admits a wider group;

to the operators (2) is then added
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3. For gfu) = uzm, the principal group will also be generated by
three operators, but instead of X! we have
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4. g(u) = 1. In this case, to the operators (2) there are immediate-

ly added three new ones.
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5, If € = 0, the Lie algebra becomes infinite-dimensional: equa-
tion (1) admits any operator of the form
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with arbitrary f, ¢. ¢ functions.

The construction of invariant solutions on these groups requires a
knowledge of the optimal systems of each group, i.e., should be
limited to essentially distinct solutions [1]. Neglecting the computa-
tions, we present the results, i, e., the optimal systems of each group
and the form of the solution (see table which shows the operators of
the subgroups and the form of the solution).
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L. V. Ovsyannikov has noted that the solution of the group classi~
fication problem for an equation or the equivalent system of firsi-order
equations may lead to different results. In our case, classification was
performed in two ways: for equation (1), and for an equivaient system
of two first-order equations. The results were found to be identical.
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